We obtain a finite characteristic analogue of the classical Weyl theorem on the distribution of polynomial sequences in a finite dimensional torus.
Introduction
The goal of this paper is to obtain analogs, in finite characteristic, of the classical H. Weyl's results ( [We] ) on uniform distribution of the values of polynomial sequences in a finite dimensional torus.
(1) Let F be a finite field of characteristic p; the following are the finite characteristic analogs of the classical objects which we will deal with:
• "the set of integers" is the ring Z Z = F [t] of polynomials r i=0 a i t i , a i ∈ F , over F ; • "the set of rationals" is the field Q Q = F (t) of rational functions over F , the quotient field of Z Z;
• "the set of reals" is the field R R = F ((t −1 )) of formal Laurent series −∞ i=r a i t i = a r t r + a r−1 t r−1 + . . ., a i ∈ F ; R R is the completion of Q Q with respect to the valuation ν(α) = −r for α = −∞ i=r a i t i with a r = 0; • "the one-dimensional torus" is the group (and the Z Z-module) T T = R R/Z Z; the elements of T T are representable by the series −∞ i=−1 a i t i , a i ∈ F ; • and finally, for c ∈ N, "the c-dimensional torus" is T T c .
In this environment we are going to investigate the distribution of values of polynomial Z Z-sequences g(n) = α 0 + α 1 n + . . . + α d n d , n ∈ Z Z, with α 0 , α 1 , . . . , α d ∈ T T c , in the c-dimensional torus T T c . To trace the analogy between the classical setup and that of a finite characteristic, let us start with the case d = 1. Let α = (γ 1 , . . . , γ c ) be an element of the conventional c-dimensional torus T c = (R/Z) c , and consider the "linear" sequence αn = (γ 1 n, . . . , γ c n), n ∈ Z, in T c . The following facts were established in [We] :
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(1) For a comprehensive discussion of advances of the theory of uniform distribution since the appearance of the groundbreaking paper [We] see [KuN] and [DrT] .
(2) It seems that there is no stable notation for these objects in the literature. The ring
is often denoted by GF [q, t] , where q = |F |, and the field R R = F ((t −1 )) by GF {q, t}.
We have preferred to use the suggestive notation Z Z, Q Q, R R, and T T to stress the analogy with the classical objects Z, Q, R, and T respectively.
(i) The closure O = {αn} n∈Z of the sequence αn is a closed subgroup of T c , that is, a union of finitely many translates of a subtorus of T c . More precisely, O = S(α) + Kα, where S(α) is a subtorus and K is a finite subset of Z.
(ii) The sequence αn is uniformly distributed in O.
(iii) O = S(α) = T c iff the elements γ 1 , . . . , γ d are Z-linearly independent. As we will see, the statements (i), (ii), and (iii) can be transferred to the case of finite characteristic almost literally. We have, however, to adapt the notions of a subtorus and of the uniform distribution to our new setup. We will call an S-subtorus of T T c a linear image b i=1 m i x i , x 1 , . . . , x b ∈ T T , with m 1 , . . . , m b ∈ Z Z c , in T T c of a torus T T b . (We use the prefix "S-" to distinguish this kind of subgroups of T T c from the "Φ-subtori", to be defined below.) As for the notion of uniform distribution, we replace it by a stronger notion of well-distribution: we say that a mapping g: G −→ X from an abelian (or, more generally, an amenable) group G to a compact topological space X with a probability Borel measure µ is well distributed in X if lim N →∞ 1 |Φ N | n∈Φ N f (g(n)) = X f dµ for any f ∈ C(X) and any Følner sequence (3) (Φ N ) in G. When X is T T c or a coset of a closed subgroup of T T c , we will assume that X is equipped with the normalized Haar measure. We will also meet the situation where X is a finite union X = k i=1 X i of distinct cosets of a closed subgroup of T T c and the mapping g: G −→ X is such that, for some subgroup H of G of finite index, for any coset m + H, m ∈ G, of H one has g(m + H) ⊂ X i for some i and the Z Z-sequence g(m + n), n ∈ H, is well distributed in X i ; in this case we say that g is well distributed in the components of X. Note that even in the case X is itself a closed subgroup of T T c , "g is well distributed in the components of X" does not imply that "g is well distributed in X", because the cardinality of the set of the cosets of H that map to a component X i of X may be different for distinct i (as for the sequence 1 3 n 2 mod 1), and in this case g is well distributed in X with respect to a measure µ that is a linear combination of the Haar measures on the components X i and is different from the Haar measure on X.
The following result is the finite characteristic analogue of the linear case of Weyl's theory (cf. (i), (ii), (iii) above).
Theorem 0.1. Let α = (γ 1 , . . . , γ c ) ∈ T T c . Then the Z Z-sequence αn, n ∈ Z Z, is well distributed in a subgroup of the form S(α) + Kα, where S(α) is an S-subtorus of T T c and K is a finite subset of Z Z, and one has O = S(α) = T c iff the elements γ 1 , . . . , γ c are Z Z-linearly independent.
A special case of this result was obtained by Carlitz in [C] . In his paper Carlitz introduced a notion of uniform distribution, which, in the contemporary terminology, is the uniform distribution with respect to the Følner sequence Φ N = {n ∈ Z Z : deg n ≤ N }, N = 1, 2 . . ., in Z Z. It is shown in [C] that if γ 1 , . . . , γ c ∈ T T are Z Z-linearly independent, then the Z Z-sequence (γ 1 n, . . . , γ c n), n ∈ Z Z, is uniformly distributed in T T c in Carlitz's sense.
Let g be a polynomial sequence in the conventional c-dimensional
Weyl's theorem ( [We] ) says that the closure O(g) = g(Z) of the range of this sequence is also a finite union of translates of a subtorus
where K is a finite subset of Z, and that g is uniformly (and, actually, well) 
Moreover, the monomials of g "generate their subtori independently", in the sense that the torus S(g) is the sum of the subtori generated by the distinct monomials of g: S(g) = d i=1 S(α i ). When d < p, a complete analogue of this theorem holds in characteristic p:
and K is a finite subset of Z Z, and g(n) is well distributed in the components
. A special case of Theorem 0.2, which says that if at least one of the coefficients α 1 , . . . , α d ∈ T T is irrational then the Z Z-sequence α 0 + α 1 n + . . . + α d n d is uniformly distributed in T T in Carlitz's sense, was established in [D2] (see also [D1] and [DM] ). Our goal in this paper is to extend Theorem 0.2 to the case deg g > p. In this situation additive polynomials (4) of higher degrees come into the game, namely those of the form
of T T c , and so is the closure O(g) = g(Z Z); however, unlike the conventional tori, the torus T T c has a lot of closed subgroups which are not representable as a finite union of shifted S-subtori. We show that O(g) is always a finite union of translates of what we call a Φ-subtorus: a Φ-subtorus of T T c of level l and of dimension ≤ b is a subgroup of T T c of the form
It is also easy to see (see Section 7) that for any Φ-subtorus F of T T c there exists an additive polynomial
Though the definition of a Φ-subtorus looks similar to that of an S-subtorus, Φ-subtori are much more diverse in their structure (5) , as the following examples show:
Let us say that a monomial n r is separable if r is not divisible by p; clearly, any polynomial g(n) on Z Z can be written in the form g(n) 
If all the monomials of g are separable, we have a complete analogue of Theorem 0.2:
In particular, for the case c = 1 we get the following:
be a polynomial Z Z-sequence in T T with all of r i not divisible by p and at least one of α i be irrational. Then g is well distributed in T T .
In order to have some applications of the above equidistribution results, we use them, in combination with the spectral theorem, to establish some ergodic theoretical and combinatorial facts related to unitary and measure preserving actions of the group Z Z c and analogous to classical theorems, namely the polynomial mean ergodic theorem, the polynomial Khintchine theorem, and the Sárközy theorem. In particular, we prove the following theorem:
Theorem 0.6. Let T be a measure preserving action of the group Z Z c on a probability measure space (X, B, µ), let A ∈ B, µ(A) > 0, and let q: Z Z −→ Z Z c be a polynomial with q(0) = 0. Then for any ε > 0 there exists a nonzero m ∈ Z Z such that for any Følner
Via Furstenberg's correspondence principle, we get as a corollary the following analogue of the classical Sárközy theorem ( [S] ):
Theorem 0.7. Let q: Z Z −→ Z Z c be a polynomial with q(0) = 0 and let E ⊆ Z Z c be a set of positive upper Banach density:
Then for any ε > 0 there exists m ∈ Z Z such that, for any Følner sequence
The structure of the paper is as follows: Sections 1, 2, and 5 are preparatory. In Sections 3, 4, 6, and 7 we prove some auxiliary special cases of Theorem 0.3. The very Theorem 0.3 is proved in Section 8. In Section 9 we obtain some ergodic theoretical and combinatorial corollaries of Theorem 0.3. Finally, in Section 10 we briefly discuss the extension of our results to the case of Z Z-polynomials of several variables.
S-and Φ-subtori of T T c
Let F be a finite field of finite characteristic p. From now on, our ring of "integers" is Z Z = F [t]; the field of "rationals" is Q Q = F (t), the quotient field of Z Z; the field of "reals"
, the completion of Q Q; and the "unit circle", or the "one-dimensional torus", is T T = R R/Z Z (Note that, unlike the classical situation, T T can be identified with
Euclidean domain, and for any nonzero m ∈ Z Z, the ring Z Z/(mZ Z) of residues modulo m is finite.
For x ∈ R R, x = a r t r + a r−1 t r−1 + . . ., with a r = 0, we define x = r. (Under this definition, 0 = −∞.) For any x, y ∈ R we have x + y ≤ max{ x , y }, xy = x + y , and x
The "one-dimensional torus"
is isomorphic, as an abelian group, a topological space, and a measure space, to F N . We define a (translation invariant) metric on T T by dist(x, y) = 2 x−y , x, y ∈ T T . We will write elements of T T as (a 1 , a 2 , . . .), a j ∈ F , rather than as
We call a vector subspace of R R c rational if it is spanned over R R by elements of Q Q c . We will call the projection to T T c of any rational vector subspace of R R c an S-subtorus (a standard subtorus) of T T c . For an S-subtorus S of T T c we define the dimension of S as the dimension (over R R) of the corresponding subspace.
. . , q c ∈ Q Q, then the set V = (q 1 x, . . . , q c x), x ∈ R R is a one-dimensional rational subspace of R R c . Under S = (q 1 x, . . . , q c x), x ∈ T T we will understand the one-dimensional S-subtorus that is the image of V in T T c . (Notice that the elements q i x, x ∈ T T , are not uniquely defined).
The following lemma implies that any b-dimensional S-subtorus of T T c is isomorphic, as an R R module, to the b-dimensional torus T T b .
Lemma 1.1. Let V be a rational subspace of R R c ; there exists an R R-basis in V that spans 
where not all of k i are divisible by m. Assume that k 1 is not divisible by m, and let
The Frobenius endomorphism Φ(x) = x p is defined on R R, on Z Z, and on T T ; note that for x = (a 1 , a 2 , . . .) ∈ T T we have Φ(x) = 0, . . . , 0, a
p , the one-dimensional torus T T converts to a p-dimensional torus. We say that a mapping τ :
where m i,j ∈ Z Z c , i = 1, . . . , b, j = 0, . . . , l. (In particular, S-subtori are just Φ-subtori of level 0.)
Unlike S-subtori, Φ-subtori cannot, in general, be defined by a finite system of linear equations (6) ; this fact complicates the proof of our results. We will bypass this problem with the help of the following construction. The "1-dimensional torus" T T with the action of F [t p ] ≃ Z Z on it is isomorphic to "the p-dimensional torus" T T p with the action of
(6) Indeed, Φ-subtori cannot, in general, be defined by finitely many R R-linear equations, since such equations may only define S-subtori; and they cannot, in general, be defined by finitely many F-linear equations, since they may have infinite index in T T c .
then for any n ∈ Z Z and α ∈ T T we have ψ 1 (αn p ) = ψ 1 (α)n. The inverse of ψ 1 , the merging isomorphism
p . For a mapping τ and c ∈ N we will denote by τ ×c the product of c copies of τ ,
For n ∈ Z Z and α ∈ T T we have ψ l (αn
for some constants r 1 , . . . , r p l ∈ {0, . . . , p l − 1}. We also put ϕ 0 and ψ 0 to be the identical self-mapping of T T .
For
l , and let
The converse is also true:
Since any Φ-subtorus is a sum of 1-dimensional Φ-subtori, we may assume that F is 1-dimensional, and has the form
, where ϕ j is the splitting isomorphism introduced by (1.1) and (1.2); then for any x ∈ T T , ϕ
It follows from the definition that the sum of two Φ-subtori of level l is a Φ-subtorus of level l. We now have: Lemma 1.3. Φ-subtori of bounded levels satisfy the increasing chain condition: if
We cannot say much about the structure of Φ-subtori; the examples above show that it may be quite complicated. The following proposition describes a situation where an Φ-subtorus is "almost" the whole torus. Proof. To simplify notation we will only prove this proposition in the case c = 1; the proof of the general case is similar. Let
If z ∈ t −r T T for some r ∈ N, say, z = t −r y for y ∈ T T , we get
When r is large enough so that rp l i > r + r i + q i p l i , i = 2, . . . , b, we obtain that σ l (x) = z mod t −(r+1) T T . It follows that elements of σ l (S ′ ) are dense in the group t −r T T for some r, and so, σ l (S ′ ) ⊇ t −r T T .
Example. Let F = Z 2 , and let S = (x, (x, 0)), x ∈ T T ⊂ T T (1) = T T 3 . Then the Φ-subtorus F = σ 1 (S) consists of all elements of the form (a 1 , a 2 , a 3 , a 4 , . . .)+(a 1 , 0, a 2 , 0, . . .), a i ∈ F , i ∈ N, which is the subgroup (0, u 2 , u 3 , . . .), u i ∈ F of index 2 in T T .
For any s ≤ l, the subtorus T T Then the Φ-subtorus σ ×c l (S) is a subgroup of finite index in T T c .
We will also need the following technical lemma:
z ∈ T T with q 1 , . . . , q b ∈ Q Q such that q 1 , . . . , q b are small enough, then τ (S) = T T .
. . , b, j = 0, . . . , l. Then for any r ∈ N and z ∈ t −r T T , z = t −r y, y ∈ T T , for x = (z, q 1 z, . . . , q b z) ∈ S we havẽ
is dense in T T , and so,τ (S) = T T .
F-characters and S-characters on T T
c and well distribution of Z Z-sequences T T c is a vector space over F ; we will call continuous F -linear functionals on T T c Fcharacters. Any F -character on T T is a finite F -linear combination of F -coordinates of the argument, ρ(x) = r i=1 b i a i , x = (a 1 , a 2 , . . .), for some r ∈ N and b 1 , . . . , b r ∈ F ; taking m = r−1 i=0 b i+1 t i ∈ Z Z, this can be written as ρ(x) = (mx) 1 (where y 1 denotes the first entry of an element y = (y 1 , y 2 , . . .) ∈ T T ). Every F -character on T T c , c ∈ N, is therefore uniquely representable in the form
T T c is also a vector space over Z p = Z/pZ, which is identified with the prime subfield of F ; we will call continuous Z p -linear functionals on T T c (which are just continuous homomorphisms of the additive group of T T c to Z p ) Z p -characters on T T c . Choose a basis of F over Z p , and for a ∈ F let a 1 stand for the first coordinate of a with respect to this basis; then any Z p -linear functional on F has the form η(a) = (ba) 1 , a ∈ F , for some 1 , a 2 , . . .), for some b 1 , . . . , b r ∈ F , that is, θ(x) = (ρ(x)) 1 , x ∈ T T , for some F -character ρ on T T , and so, θ(x) = ((mx) 1 ) 1 , x ∈ T T for some m ∈ Z Z. Every Z p -character on T T c , c ∈ N, is therefore uniquely representable in the form θ(x) = ((m · x) 1 ) 1 , x = (x 1 , . . . , x c ) ∈ T T c , for some m = (m 1 , . . . , m c ) ∈ Z Z c .
Let m = (m 1 , . . . , m c ) ∈ Z Z c ; we will call the homomorphism χ:
c , an S-character. If m 1 , . . . , m c are relatively prime (that is, their greatest common divisor is 1), we call the S-character χ primitive. Any nonprimitive S-character has the form lχ ′ , where χ ′ is a primitive Scharacter and l ∈ Z Z. Notice that S-characters commute with the Z Z-action on T T c : for any S-character χ and any n ∈ Z Z we have χ(nx) = nχ(x), x ∈ T T c . (An analogous fact does not, of course, hold for the F -or Z p -characters on T T c .)
Any S-subtorus of T T c can be defined by a system of S-characters. In complete analogy with the classical situation, if χ is a primitive S-character on T T c , then the kernel of χ is an S-subtorus of T T c ; if χ is non-primitive, say, χ = mχ ′ where χ ′ is primitive and m ∈ Z Z, then ker χ = ker χ ′ + L, where L is the finite group {x ∈ T T c : mx = 0}.
Let us remind some terminology introduced in the introduction. We call mappings from Z Z to a set X, Z Z-sequences in X. If X is a compact topological space with a probability Borel measure µ, we will say that a Z Z-sequence g in X is well distributed in
f (g(n)) = X f dµ for any f ∈ C(X) and any Følner sequence (Φ N ) in Z Z. When X is a coset of closed subgroup of T T c , we assume that µ is the Haar measure on X. If X is a finite union X = k i=1 X i of cosets of a closed subgroup of T T c and a mapping g: G −→ X is such that, for some subgroup H of G of finite index, for any coset m + H, m ∈ G, of H one has g(m + H) ⊂ X i for some i and the Z Z-sequence g(m + n), n ∈ H, is well distributed in X i , we say that g is well distributed in the components of X.
Since linear combinations of multiplicative characters on T T c (that is, continuous ho-
ω(n) = 0 for every nontrivial multiplicative character ω on T T c and any Følner sequence (Φ N ) in Z Z. Any multiplicative character ω on T T c has the form ω(x) = e (2πi/p)θ(x) where θ is a Z p -character; thus, g is well distributed in T T c iff the Z Z-sequence θ(g(n)) is well distributed in Z p for every nonzero Z p -character θ on T T c . We also have: Lemma 2.1. A Z Z-sequence g(n), n ∈ Z Z, is well distributed in T T c iff for every nonzero F -character ρ on T T c , the Z Z-sequence ρ(g(n)), n ∈ Z Z, is well distributed in F , and iff for every nonzero S-character χ on T T c , the Z Z-sequence χ(g(n)), n ∈ Z Z, is well distributed in T T .
Proof. If g(n) is well distributed in T T
c and ρ (respectively, χ) is a nonzero F -(respectively, S-) character on T T c , then, since ρ (respectively, χ) is a continuous measure preserving mapping, the Z Z-sequence ρ(g(n)) (respectively, χ(g(n))), n ∈ Z Z, is well distributed in F (respectively, T T ).
On the other hand, if g(n) is not well distributed in T T
c , then there is a nonzero
Then for the F -character ρ(x) = c j=1 (m j x j ) 1 and the S-character χ(x) = c j=1 m j x j , the Z Z-sequences ρ(g(n)) and χ(g(n)) are not well distributed in F and T T respectively.
Irrational elements and the Z Z-sequence αn in T T
We will call the elements of Q Q/Z Z of the torus T T rational and the other elements of T T irrational.
Theorem 3.1. An element α = (a 1 , a 2 , . . .) ∈ T T is rational iff the sequence a 1 , a 2 , . . . is eventually periodic. If α ∈ T T is rational, then the set {αn, n ∈ Z Z} is finite. If α ∈ T T is irrational, then the Z Z-sequence {αn, n ∈ Z Z} is well distributed in T T .
Proof. The proof is almost the same as in the "classical" situation. Let α ∈ Q Q/Z Z, α = k m , k, m ∈ Z Z, m = 0. For any n ∈ Z Z, αn = kn m mod Z Z is the remainder after dividing the polynomial kn by the polynomial m; since there are only finitely many remainders when one divides by m, the set {αn mod Z Z, n ∈ Z Z} is finite.
If α = k m , the "digits" a 1 , a 2 , . . . of α are obtained by successive dividing the remainders appearing when k is divided by m. Namely, let k 1 be the remainder after the division of k by m; then a 1 is the integer part of k 1 t/m. Let k 2 be the remainder after this division; then a 2 is the integer part of k 2 t/m. And so on; since there can be only finitely many such remainders, the sequence (a i ) is eventually periodic.
Conversely, if there are s and j such that a i+j = a i for all i > s, then
Now let α ∈ T T be irrational. Then the elements αn ∈ T T , n ∈ Z Z, are all distinct. Let r ∈ N. Since T T is compact, there are n ′ , n ′′ ∈ Z Z such that dist(αn ′ , αn ′′ ) < 1 r , and so, for m = n ′ − n ′′ , dist(αm, 0) < 1 r . Let αm = a j t −j + a j+1 t −j−1 + . . . with a j = 0; then j > r. The elements mt i α, i = j − r, j − r + 1, . . . , j − 1, clearly span the group C r = T T /(t −r T T ) over F , and so, the elements mnα are dense in C r . Since the mapping n → mnα is a homomorphism, the Z Z-sequence mnα, n ∈ Z Z, is well distributed in C r . The subgroup mZ Z has finite index in Z Z, thus the Z Z-sequence nα, n ∈ Z Z, is also well distributed in C r . Since this is true for any r, the Z Z-sequence nα, n ∈ Z Z, is well distributed in T T .
Z Z-sequence αn in T T c
Let us say that an element α = (α 1 , . . . , α c ) of T T c is rational if α 1 , . . . , α c ∈ Q Q, and is irrational if for every S-character χ on T T c , χ(α) is either irrational or zero. (In other words, if no linear combination of α i with integer (that is, from Z Z) coefficients is a nonzero rational element of T T .) (Notice that under this definition, there are elements of T T c that are neither rational nor irrational. Also, 0 ∈ T T c is both rational and irrational; we do not care about this.) Lemma 4.1. For any α ∈ T T c there exists m ∈ Z Z such that mα is irrational.
Proof. Let α ∈ T T c . Since Z Z is a Euclidean ring, the group of S-characters χ on T T c for which χ(α) ∈ Q Q/Z Z is finitely generated. Let this group be generated by χ 1 , . . . , χ r , and let m ∈ Z Z be such that χ i (mα) = mχ i (α) = 0 for all i = 1, . . . , r; then mα is irrational.
Theorem 4.2. Let α ∈ T T c and let g(n) = αn, n ∈ Z Z. If α is irrational, then S = O(g) is an S-subtorus of T T c and g is well distributed in S(g). If α is not irrational, then O(g) = S + Kα where S is an S-subtorus and K is a finite subgroup of Z Z, and g is well distributed in O(g); more exactly, there exists a nonzero m ∈ Z Z such that K = {kα : k < m } and for every k ∈ Z Z the Z Z-sequence g(mn + k), n ∈ Z Z, is well distributed in the translated S-subtorus S + kα.
Proof. Let α be irrational, and let S be the minimal S-subtorus of T T that contains α. If the Z Z-sequence (nα), n ∈ Z Z, is not well distributed in S, then there exists an S-character χ on S such that the Z Z-sequence χ(g(n)) = χ(αn) = χ(α)n is not well distributed in T T , which means that χ(α) is rational, and so, χ(α) = 0. Hence, α is contained in the proper subtorus S ′ = ker χ of S, which contradicts the choice of S. If α is not irrational, find m ∈ Z Z such that mα is irrational and put S = O(g(mn)) and K = k ∈ Z Z : k < m .
Let us denote the S-subtorus S = O((nα)) appearing in the assertion of Theorem 4.2 by S(α). Clearly, S(mα) = S(α) for all m ∈ Z Z, and if α is irrational, S(α) is the minimal S-subtorus of T T c that contains α.
Van der Corput Lemma
We will need a version of the van der Corput lemma:
Lemma 5.1. (Cf. [BMZ] , Lemma 4.2) Let n → a n , n ∈ G, be a bounded mapping from a discrete countable abelian group G to C. Then for any Følner sequence {Φ N } ∞ N =1 in G and any finite set Ψ ⊆ G,
Proof. For any N ∈ N we have 1
where
is a Følner sequence and {a n } n∈G is a bounded set,
And by the Cauchy-Schwartz inequality,
Let G be a discrete countable abelian group. A set S ⊆ G is said to have zero uniform
One can easily show that if S ⊆ G has zero uniform density, then for any ε > 0 there exists a finite set Ψ ⊆ G such that
Let us say that a statement P (m), m ∈ G, is true for almost all m ∈ G if the set of m for which P (m) fails has zero uniform density in G. We say that a mapping g: G −→ X from G to a probability Borel measure space X is well distributed in X if lim N →∞ 1 |Φ N | n∈Φ N f (n) = f for any f ∈ C(X) and any Følner sequence (Φ N ) in G. As a corollary of Lemma 5.1, we get:
Proposition 5.2. Let g: G −→ H be a mapping from a discrete countable abelian group G to a compact abelian Hausdorff group H, and let V be a subgroup of G. If the mapping
, n ∈ G, is well distributed in H for almost all m ∈ V , then g is also well distributed in H.
Proof. g is well distributed in H iff for any nontrivial multiplicative character ω on H and any Følner sequence (
Let ω be a multiplicative character on H and let (Φ N ) be a Følner sequence in G. For each n ∈ G, let a n = ω(g(n)). By assumption, we have lim N →∞
for almost all m ∈ V ; let S be the set of m ∈ V for which this is not true. Given any ε > 0, choose a set Ψ ⊆ V such that
for all k ∈ V , and so
By Lemma 5.1, this implies that lim sup N →∞
Since this is true for any ε > 0, lim N →∞
If at least one of the coefficients α 1 , . . . , α d is nonzero irrational, then the Z Z-sequence g(n), n ∈ Z Z, is well distributed in T T .
Proof. We may assume that this is α d that is nonzero and irrational. Indeed, suppose that α d , . . . , α r+1 are rational and α r is irrational for some r < d. Let m be a common multiple of the denominators of α d , . . . , α r+1 ; then the polynomial α r+1 n r+1 + . . .
is constant on each of the (finitely many) cosets k + mZ Z, k ∈ Z Z, k < m . Replacing Z Z by one (and each) of these cosets, we reduce the situation to the case where the senior coefficient of g is irrational.
We will now use induction on d.
, n ∈ Z Z, is polynomial of degree d − 1 with an irrational senior coefficient, so, by induction, it is well distributed in T T . By Proposition 5.2, this implies that g is also well distributed in T T .
, where K is a finite subgroup of Z Z, and g is well distributed in the components S(g) + g(k), k ∈ K, of O(g); more exactly, there exists a nonzero m ∈ Z Z such that for every k ∈ K = k ∈ Z Z : k < m the Z Z-sequence g(mn + k), n ∈ Z Z, has irrational coefficients, and is well distributed in the translated S-subtorus S(g) + g(k). Proof. We may assume that f is cyclic for U , that is, U (Z Z c )f = H. The dual group of Z Z c is T T c , with the pairing of w ∈ Z Z c and x ∈ T T c defined by the formula w, x = e(w · x), where e(α) = e (2πi/p)(α 1 ) 1 , α ∈ T T . (See Section 2.) By the spectral theorem, we may replace H by the space L 2 (T T c , λ) for some finite measure λ on T T c , with U (w), w ∈ Z Z c , being represented by the operator of multiplication by the function e(w · x),
The classical Sárközy theorem ( [S] ) says that for any polynomial q with zero constant term, any set of positive upper Banach density (7) in Z contains two elements a, b with b − a = q(n) for some nonzero n ∈ Z. An equivalent, via Furstenberg's correspondence principle (8) , ergodic theoretical statement is that for any polynomial q with zero constant term, any invertible finite measure preserving system (X, B, µ, T ) and any A ∈ B with µ(A) > 0 there exists n ∈ N such that µ(A ∩ T −q(n) A) > 0; moreover, one can show that the set of such n has positive lower Banach density in Z (see [F] ). Combining again Theorem 8.1 with the spectral theorem, we can obtain analogous results in our setup: Theorem 9.2. Let T be a measure preserving action of the group Z Z c on a probability measure space (X, B, µ), let A ∈ B, µ(A) > 0, and let q: Z Z −→ Z Z c be a polynomial with q(0) = 0. Then for any Følner sequence (Φ N )
, and is positive.
Remark. The positivity of lim sup N →∞
A) (but not the existence of the limit) was proved in [BLM] .
Proof. Applying Theorem 9.1 to the Hilbert space H = L 2 (X), the unitary action induced (7) For a subset E of a discrete countable commutative group G, the upper density of E with
The upper Banach density d * (E) of E in G is the supremum of d (Φ N ) (E) over the set of all Følner sequences (Φ N ) in G, and the lower Banach density d * (E) of E is the infimum of d (Φ N ) (E) over the set of all Følner sequences (Φ N ) in G.
(8) The Furstenberg correspondence principle says that for any discrete countable commutative group G and a set E ⊆ G there exists an action T of G on a probability space (X, B, µ) and a set A ∈ B such that µ(A) = d Since the orthogonal projection off to the subspace of constants in L 2 (X) is the constant µ(A), which has the norm µ(A), we have f L 2 (X) ≥ µ(A), and so, λ({0}) ≥ µ(A) 2 . We now have µ(T (−w)A∩ A) = T T c e(w · x) dλ(x), w ∈ Z Z c , and so, µ(T (−w)A∩ A) = T T c e(q(n) · x) dλ(x), n ∈ Z Z. For any x ∈ T T c consider the polynomial Z Z-sequence q(n) · x, n ∈ Z Z. By Theorem 8.1 and the remark after the proof of this theorem, there exists a nonzero m x ∈ Z Z such that for any m ∈ Z Z divisible by m x the Z Z-sequence q(mn)·x, n ∈ Z Z, is well distributed in a Φ-subtorus F x of T T . Hence, the Z Z-sequence e(q(mn) · x), n ∈ Z Z, is well distributed in the subgroup e(F x ) of the group P of the roots of 1 of degree p in C. This As a corollary, we get the following fact:
Corollary 9.4. Under the assumptions of Theorem 9.2, for any ε > 0 the set E = n ∈ Z Z : µ(A ∩ T (−q(n))A) > µ(A) 2 − ε is syndetic in Z Z. 
